A grey fuzzy optimization model is developed for water quality management of river system to address uncertainty involved in fixing the membership functions for different goals of Pollution Control Agency (PCA) and dischargers. The present model, Grey Fuzzy Waste Load Allocation Model (GFWLAM), has the capability to incorporate the conflicting goals of PCA and dischargers in a deterministic framework. The imprecision associated with specifying the water quality criteria and fractional removal levels are modeled in a fuzzy mathematical framework. To address the imprecision in fixing the lower and upper bounds of membership functions, the membership functions themselves are treated as fuzzy in the model and the membership parameters are expressed as interval grey numbers, a closed and bounded interval with known lower and upper bounds but unknown distribution information. The model provides flexibility for PCA and dischargers to specify their aspirations independently, as the membership parameters for different membership functions, specified for different imprecise goals are interval grey numbers in place of a deterministic real number. In the final solution optimal fractional removal levels of the pollutants are obtained in the form of interval grey numbers. This enhances the flexibility and applicability in decision-making, as the decision-maker gets a range of optimal solutions for fixing the final decision scheme considering technical and economic feasibility of the pollutant treatment levels. Application of the GFWLAM is illustrated with case study of the Tunga-Bhadra river system in India.
Introduction
Decision-making for water quality management in a river system is addressed by Waste Load Allocation (WLA) models. A WLA model, in general, integrates a water quality simulation model with an optimization model to provide best compromise solutions acceptable to both PCA and dischargers. A number of WLA models have been developed in the past for optimal allocation of assimilative capacity of a river system [3, 10, 25] .
Uncertainty due to randomness has been addressed extensively in the models for water quality management of river systems, starting with the pioneering work of Loucks and Lynn [25] (i.e., [3, 9, 10] ). Another type of uncertainty in water resources problems is the imprecision in goals and model parameters in general has been addressed with fuzzy sets [2, 39] . The concept of fuzzy decision is also used in water quality management problems in some recent work [4, 29, 30, 33, 34, 37, 38] . Sasikumar and Mujumdar [34] developed a Fuzzy Waste Load Allocation Model (FWLAM) for water quality management of a river system. A useful feature of FWLAM is its capability to incorporate the conflicting goals of PCA and dischargers in a fuzzy optimization framework. Imprecision associated with the goals of PCA and dischargers are modeled in a fuzzy environment. Sasikumar and Mujumdar [33] extended this work to include uncertainty due to randomness and imprecision simultaneously. Two levels of uncertainty, one associated with ''low water quality'' and other with ''low risk'' are quantified and incorporated in the management model using the concept of fuzzy probability. Considering seasonal variation in streamflow for specifying variable fractional removal policy, Mujumdar and Sasikumar [29] developed a procedure to evaluate the fuzzy risk of low water quality in a season.
A major limitation in the models of Sasikumar and Mujumdar [33, 34] and Mujumdar and Sasikumar [29] is that the lower and upper bounds of the membership functions (membership parameters) are assumed fixed and values are assigned based on some judgement (such as, for example, a lower bound of 5 mg/L and an upper bound of 9 mg/L for DO concentration in a river system). As the model results are likely to vary considerably with change in the membership functions [4, 29] , uncertainty in the bounds and shape of the membership functions should be addressed in fuzzy optimization models for water quality management. The present work is aimed at relaxing the lower and upper bounds of the membership functions by treating them as interval grey numbers [24, 28] , thus providing a range of ''best compromise'' solutions to impart more flexibility in water quality management decisions. The Grey Fuzzy Waste Load Allocation Model (GFWLAM) developed in the present work, is a more flexible form of FWLAM developed earlier. In FWLAM the imprecision associated with management goals are quantified using membership functions. These membership functions are subjective and depend on the particular problem being solved. To address uncertainty in the lower and upper bounds of membership functions, the membership functions themselves are treated as fuzzy in GFWLAM and the membership parameters are expressed as ''interval grey numbers''. This is achieved by using the grey fuzzy linear programming technique [12, 13, 42] . The model uses the concepts of inexact programming [6, 16, 17, 20, 26, 40] , grey programming [4, 5, [12] [13] [14] [15] 18, 24] , and fuzzy multiobjective optimization technique [29, [32] [33] [34] 41] . The uncertainty in the parameters of membership functions in fuzzy mathematics can be modeled also by using the concepts of interval programming [28, 35] and type-2 membership functions [27] . A concept of ''imprecise fuzzy decision'' is introduced to provide a range of acceptable decisions. Optimal values of the objective function and decision variables are obtained in the form of interval grey numbers, enhancing flexibility in decision-making.
The next section ''Grey Fuzzy Waste Load Allocation Model (GFWLAM)'', gives a description on GFW-LAM. It also provides an overview of basic concepts of grey systems. Description of grey fuzzy goals for water quality management of a general river system, concept of imprecise fuzzy decision, and description of mathematical model formulation are given in the same section. The methodology is demonstrated through a case study of the Tunga-Bhadra river system in the ''Model application'' section. Results, discussion and conclusions are presented in subsequent sections.
Grey Fuzzy Waste Load Allocation Model (GFWLAM)
The FWLAM developed earlier for water quality management of a river system is formulated as a deterministic problem. It forms the basis for the optimization model developed in the present work. Following Sasikumar and Mujumdar [34] , the model is described using a general river system. The system consists of a set of dischargers, who are allowed to release pollutants into the river after removing some fraction of the pollutants. Fractional removal (treatment) is necessary to maintain acceptable water quality condition in the river as prescribed by the PCA. Acceptable water quality condition is ensured by checking the water quality in terms of water quality indicator levels (e.g., DO-deficit level) at a finite number of locations, which are referred to as checkpoints. The goals of PCA are to ensure that pollution is within an acceptable limit by imposing water quality and effluent standards. On the other hand, the dischargers prefer to use the assimilative capacity of the river system to minimize the waste treatment cost, by assigning aspiration level (minimum desirable treatment) and maximum fractional removal level for different pollutants. These goals are imprecise and subjective, and are addressed in the model in a fuzzy mathematical framework by assigning membership functions. The concentration of the water quality indicator is expressed as a function of fractional removal levels of the pollutants. A fuzzy optimization problem is formulated with the set of fractional removal levels and degree of goal satisfaction as the decision variables.
Choice of appropriate bounds and shape of membership functions is an important issue in any fuzzy optimization model. In FWLAM the uncertainty in the lower and upper bounds of the membership functions was not considered. These bounds depend on the desirable and maximum permissible level of water quality indicators (e.g., DO-deficit, hardness, nitrate-nitrogen concentration). In practical situations different water quality standards for surface water are used for different uses for a water quality indicator. For example, standards for public water supply, industrial water supply, agricultural water supply, fish propagation and wild life may all be different for the same water quality indicator, DO [11] . It results in an uncertainty in the lower and upper bounds of the membership functions. This leads to a second level of fuzziness in the model, with the membership functions themselves being imprecisely stated.
In the present work, uncertainty in the membership parameters is addressed by considering the lower and upper bounds of the membership functions as interval grey numbers. A terminology ''imprecise membership function'' is used to represent the membership functions with uncertain membership parameters. A set of flexible policies of fractional removals may be obtained in the form of interval grey numbers using GFWLAM. Values of all the decision variables can be adjusted within their grey intervals by the decision-maker in the final decision scheme as required in a particular situation. Thus GFW-LAM offers a convenient interface between the model and the decision-makers, which enables decision-makers to directly communicate their preference information to the model. The crisp definitions of various management goals are special cases of the more general fuzzy goals. The fuzzy goals in turn, are special cases of the more general grey fuzzy goals (expressed with imprecise membership functions). The notion of grey fuzzy goals is similar to that of imprecise goals represented by type-2 fuzzy sets [27] , but mathematically the two concepts are different. In grey fuzzy goals the membership degree of the argument, represented by an interval grey number, is expressed as a closed interval whereas in type-2 fuzzy sets the membership degree of the argument, represented by a white number, is expressed as an amplitude distribution [27] . Modeling uncertainty in membership functions using interval grey numbers is mathematically simpler than modeling with type-2 fuzzy sets, as the type-2 fuzzy sets are essentially three-dimensional in nature.
Grey systems theory
Grey systems theory was first proposed by Deng [7] . A grey system is a system other than white (system with completely known information) and black (system with completely unknown information) systems, and thus has partially known and partially unknown characteristics. In reality, most processes of interest in environmental management are in grey stage due to inadequate and fuzzy information. A ''grey number'' is such a number whose exact value is unknown but a range within which the value lies is known [24] . Let x denote a closed and bounded set of real numbers. A grey number (x ± ) is defined as an interval with known lower (x À ) and upper (x + ) bounds but unknown distribution information for x [13] :
x ± becomes a ''deterministic number'' or ''white number'' when,
is one among several classes of grey numbers [24] . The ''grey degree'' is a measure, useful for quantitatively evaluating the quality of input or output uncertain information for mathematical models [13] . The ''grey degree'' of an interval grey number is defined as its width
, and is expressed in percentage (%) as follows:
where Gd(x ± ) is the grey degree of x ± . Solutions (outputs) with considerably high grey degree have high width (x x ) of output variables, which are considered as less useful and of poor quality by the decision-makers. As the grey degree of objective function of an optimization model decreases, implying the decreasing system uncertainties, the effectiveness of the grey model increases. Therefore, lesser value of grey degree of optimal objective function implies achievement of a more applicable and reliable grey solutions.
It should be noted for clarification that, the notion of grey systems modeling is different from the notion of sensitivity analysis. The sensitivity analysis is considered as a post-optimality analysis, where systematic variation of input parameters, considering variation of a single parameter (i.e., univariate sensitivity analysis) or a group of parameters (i.e., multivariate sensitivity analysis) at a time in a model is performed to assess the effect of uncertainties or variation in these parameters on the model output. But the grey systems modeling directly addresses the uncertainties of all uncertain model parameters in a single mathematical framework and gives the solutions as interval grey numbers, which can be directly used for generating decision alternatives [13, 15] . The present study handles a fuzzy optimization model, where the decision variables are interval grey numbers and a realistic application of uncertain membership functions in river water quality management is demonstrated. The uncertainty in membership parameters in the fuzzy membership functions can also be addressed using Interval Valued Fuzzy Sets (IVFS), if the decision variables involved in the optimization model, are deterministic numbers. Although a conventional fuzzy number under a certain a-cut level has the same presentation as an interval grey number, their conceptual backgrounds are different [13] . In the present problem, where the membership functions themselves are uncertain and the decision variables are in terms of interval grey numbers, it may not be possible to formulate and solve the problem by using fuzzy numbers. It does not involve any arithmetic operation similar to operations on fuzzy numbers.
Description of the river system
A general river system is considered for developing the water quality management model. The relevant com-ponents of the system are identified as sets, following Sasikumar and Mujumdar [34] . Uncontrollable sources of pollutants (e.g., pollutants due to runoff and scour), group of dischargers (e.g., industrial or municipal), pollutants released by the dischargers after removing some fractional of the pollutants [e.g., Biochemical Oxygen Demand (BOD) loading, toxic pollutant concentration] all are considered as sets. A common practice of the PCA to ensure acceptable water quality condition is to check the water quality at a finite number of locations in the river. These locations are called water quality checkpoints. The water quality at a checkpoint is described by means of some water quality indicators (e.g., DO-deficit, hardness, nitrate-nitrogen concentration). The proposed water quality management model is developed based on the following assumptions: (1) A steady state flow of water in the river and instantaneous mixing of the pollutants at the discharge point is considered; (2) river characteristics are assumed homogeneous and the river parameters for a river reach remain unchanged; (3) water quality indicators are considered whose desirable level is less than permissible level (e.g., DO-deficit, any toxic pollutant concentration); (4) a pollutant is assumed to affect one or more than one water quality indicator, but the pollutants are assumed chemically non-reactive with each other; (5) industrial and municipal wastes are pretreated at the site prior to discharge this into the river. The influence of a pollutant on a water quality indicator at a downstream location is given by an appropriate water quality simulation model, which defines a set of constraints in the water quality management model. Several simulation models are available for modeling transport of most pollutants in a river system. Using any such simulation model, the concentration of a water quality indicator may be expressed as a function of the fractional removal levels, which form decision variables in the water quality management model.
Grey fuzzy goals for water quality management
Two sets of conflicting goals associated with the water quality management of a river system are considered in this section. The first one reflects the objectives of PCA and the second one describes the objectives of the dischargers. The PCA sets the desirable concentration level ðc The fuzzy goal of the dischargers is to make the fractional removal level (x jmn ) of the pollutant n, influencing water quality indicator j, for discharger m as close as possible to x L mn , to minimize the waste treatment cost for pollutant n. For example, a non-increasing membership function suitably reflects the goals of dischargers when a point load of BOD is the pollutant. These goals of PCA and dischargers are expressed mathematically in a grey fuzzy framework, using interval grey numbers to represent uncertain membership parameters.
Goals of PCA
The imprecise goals of PCA are represented by membership functions, following Sasikumar and Mujumdar [34] . The membership parameters are desirable level ðc jl . Using non-increasing membership functions, the imprecise membership function for goals of PCA is expressed as:
Eq. (3) represents the ''grey fuzzy goals'' of the PCA, as imprecision associated with specifying the water quality criteria as well as uncertainty in fixing these water quality criteria (desirable and maximum permissible concentration level), both are modeled by the concepts of fuzzy sets and interval grey numbers, respectively. The grey fuzzy goal of the PCA is represented as the fuzzy set, E jl , with argument c AE jl , which is an interval grey number. The exponent a jl is non-zero positive real number. Assignment of numerical value to this exponent is subject to the desired shape of the membership functions and appropriate values may be chosen by the decision-maker. A value of a jl = 1 leads to linear imprecise membership function, as shown in Fig. 1 . The desirable level, c DAE jl , is assigned a membership grade of 1. The maximum permissible level, c H AE jl , is assigned a membership grade of 0.
Goals of dischargers
Similar to the goals of PCA, goals of the dischargers are also addressed using the concepts of fuzzy sets and interval grey numbers. Aspiration level of fractional removal of the pollutant n acceptable to discharger m, x L mn , and maximum acceptable fractional removal level, x M mn , are expressed as interval grey numbers ðx LAE mn and x MAE mn Þ. Using non-increasing membership functions, the imprecise membership function for the goals of dischargers is expressed as:
where grey fuzzy goals of dischargers are represented as the fuzzy set, F jmn , with argument x AE jmn , which is an interval grey number. The exponent b jmn is non-zero positive real number. Assignment of numerical value to this exponent is subject to the desired shape of the membership functions and appropriate values may be chosen by the decision-maker. A value of b jmn = 1 leads to a linear imprecise membership function, as shown in Fig. 2 . The aspiration level, x LAE mn , is assigned a membership grade of 1. The maximum acceptable level, x MAE mn , is assigned a membership grade of 0.
Concept of imprecise fuzzy decision
The fuzzy decision (Z) for the water quality management problem may be defined using the concept of fuzzy decision proposed by Bellman and Zadeh [1] . Noting that the decision space is defined by the intersection of different fuzzy goals, the fuzzy decision (Z) is written as follows:
where fuzzy set F 1 and F 2 represent the two fuzzy goals. The ''intersection'' operation is used to find a decision that satisfies both the goals simultaneously. The membership function of the fuzzy decision (Z) is given by:
where k is the measuring variable corresponding to the membership function of fuzzy decision (Z), which reflects the degree of fulfillment of the system goals. A terminology ''goal fulfillment level'' is used throughout the paper to represent this variable. The solutionx corresponding to the maximum value of the membership function of the resulting Z is the optimum solution.
That is:
wherek is the optimal goal fulfillment level. Fig. 3 shows the concept of a fuzzy decision, where F 1 and F 2 are non-increasing and non-decreasing membership functions, respectively. In the concept of fuzzy decision, the arguments of F 1 and F 2 are deterministic real numbers (x). When these arguments are interval grey numbers (x ± ) the fuzzy decision leads to a ''imprecise fuzzy decision''. Fig. 4 illustrates the concept of imprecise fuzzy decision considering the confluence of two imprecise membership functions (for F 1 and F 2 ). In Fig. 4 the decision Z is not a fixed space (as shown in Fig. 3 ). It is a flexible space, whose lower and upper boundary are shown as FNG and ECMC 0 H, respectively (Fig. 4) . The solutionx AE , corresponding to the maximum value of the membership function of the resulting imprecise fuzzy decision (Z) is an interval in the space CMC 0 N (Fig. 4) . In the present mathematical model the imprecise fuzzy decision is expressed by using the equation of fuzzy decision [Eq. (5)]:
where the fuzzy sets E jl and F jmn represent the goals of PCA and dischargers, respectively. The arguments of E jl and F jmn are c AE jl and x AE jmn , respectively. Non-increasing imprecise membership functions are assigned to address both the goals (as shown in Figs. 1 and 2 ). The intersection of these non-increasing imprecise membership functions is shown in Fig. 5 . In are lower and upper boundary of imprecise fuzzy decision, respectively, and the optimal solutionx AE is an interval in the space MC 0 NC. The formulation of GFW-LAM, based on the imprecise membership functions for grey fuzzy goals of PCA and dischargers, is presented in the following subsection.
GFWLAM formulation
Sasikumar and Mujumdar [34] represented the FWLAM as: 
The constraints (10) and (11) are constructed from membership functions for the goals of PCA and dischargers, respectively. These constraints define the minimum goal fulfillment level (k). The crisp constraints (12) and (13) are based on the water quality requirements set by the PCA, and possible fractional removal levels by the dischargers, respectively. Constraint (14) represents the bounds on the parameter k. In the present study FWLAM is expressed as GFWLAM, considering the uncertainty in membership parameters, which are addressed as interval grey numbers. GFWLAM is represented as:
where c
Constraints (16) and (17) are based on Eqs. (3) and (4), which represent the imprecise membership functions for goals of PCA and dischargers, respectively. The water quality management model is formulated as a grey fuzzy optimization problem, using the concepts of grey programming [4, 5, [12] [13] [14] [15] 18, 24] and inexact programming [6, 16, 17, 20, 26, 40] . The organization of grey fuzzy waste load allocation model for water quality management of a river system is shown in Fig. 6 . It is an optimization model, which considers conflicting imprecise goals of PCA and dischargers [constraints (16) and (17)]. Two levels of uncertainty are addressed in the model: one associated with the imprecision in management goals of PCA and dischargers, modeled using membership functions of fuzzy mathematics, and the other associated with uncertainty in assignment of these membership functions, modeled using interval grey numbers of grey systems theory. In the expression for goals of PCA [constraint (16) ], the concentration level c AE jl , of water quality indicator j at checkpoint l, may be mathematically expressed as:
where the transfer function f is a monotone function, indicates the aggregated effect of all pollutants and dischargers (located upstream of checkpoint l) on the water quality indicator j. The transfer function can be evaluated using appropriate mathematical models that determine spatial distribution of the water quality indicator due to pollutant discharge into the river system from point sources. The fractional removal levels for different pollutants by different dischargers ðx in Submodel 2, respectively, as decision variables. These two cases are considered as two separate problems. Each problem is divided into two submodels to obtain two extreme values of optimum goal fulfillment levels (k þ and k À Þ, which give the solutions for two extreme cases encompassing all intermediate possibilities.
Case 1
The goal fulfillment level is an interval grey number, so both the upper (k + ) and lower (k À ) bounds of this variable are maximized, considering the expressions for goals of PCA [constraint (16) ] and dischargers [constraint (17) ] in the optimization model. In Case 1, the optimization model is formulated by using constraints (16) through (21) , which are in generalized form, but the constraint for goals of PCA is considered first. As a result, x þ jmn and x À jmn are get involved in the Submodels 1 and 2, which maximize k + and k À , respectively. 
where the exponent a jl is non-zero positive real number. Constraint (25) is considered to get the upper bound of goal fulfillment level (k + ) in the right-hand side, which should be highest resulting from left-hand side of the constraint. Therefore the bounds of membership parameters in constraint (16) should be chosen such that it gives highest value of numerator and lowest value of denominator in the left-hand side. In constraint (16) highest value of the numerator ½ðc where the exponent b jmn is non-zero positive real number. Similar to constraint (25) , the lower and upper bounds of interval grey numbers are so chosen from constraint (17) to get the highest value of left-hand side in constraint (27) , which is obtained by considering the highest value of numerator and lowest value of denominator. Involving the same bound of decision variable ðx þ jmn Þ as in the constraint (26), the constraint (27) (27) can be written as:
The constraints (26) and (28) mathematically incorporate the imprecise goals of PCA and dischargers into the submodel, respectively, by defining the upper bound of goal fulfillment level (k + ). Based on water quality requirements set by the PCA, c 
Finally considering the constraints (26) and (28) that define the upper bound of goal fulfillment level (k + ), crisp inequality constraints (29) and (30), and non-negativity bounds [constraint (31) ], the Submodel 1 is expressed as follows: 
where k + and x þ jmn are the decision variables. In constraints (33) and (35) 
where the exponent a jl is non-zero positive real number. Constraint (39) is considered to get the lower bound of goal fulfillment level (k À ) in the right-hand side, which should be lowest resulting from left-hand side of the constraint. Therefore the lower and upper bounds of membership parameters in constraint (16) should be chosen such that lowest value of numerator and highest value of denominator in the left-hand side of constraint (39) is achieved. In constraint (16) lowest value of the numerator ½ðc (41) can be written as:
The constraints (40) and (42) 
In GFWLAM all the goals are interactive with each other. For decision variable x AE jmn , value x þ jmn should be always greater than the value of x À jmn , but these upper and lower bounds of the variable x AE jmn are obtained from two different submodels (Submodels 1 and 2, respectively), which are linked or made interactive by incorporating constraint (46), as interactive constraint [12, 13, 17, 18, 26, 40] . Therefore, (17)]. But another situation may arise, when the constraint expressing the goals of dischargers is considered prior to consideration of constraint expressing the goals of PCA. It may give completely different optimal values of decision variables than the results obtained from Case 1, this situation of formulation is referred to as Case 2.
Case 2
In Case 2, objective of the optimization model is same as Case 1, to get the optimal fractional removal levels of the pollutants ðx AE jmn Þ, which results a maximum goal fulfillment level ðk AE Þ, but the constraint based on the goals of dischargers [constraint (17) ] is considered first for Submodels 1 and 2. [4, 12, 13, 17, 40] is concerned these two submodels are conceptually different. Cases 1 and 2 correspond to two possible deterministic equivalents of the GFWLAM giving preference to goals of the PCA and dischargers, respectively. The appropriateness of Case 1 or Case 2 for obtaining a suitable deterministic equivalent of GFW-LAM depends on the values of interval-valued membership parameters and consequent intersection of the grey fuzzy goals of PCA and dischargers. For a given set of interval-valued membership parameters if Case 1 represents the appropriate deterministic equivalent, Case 2 does not, and vice versa. Therefore, the appropriate deterministic equivalent should be determined, by examining the grey degree of k ± corresponding to Cases 1 and 2. The appropriate deterministic equivalent of a grey optimization model should give a lower value of grey degree of k ± . It is not known, prior to solving the models, whether x Application of the GFWLAM to Tunga-Bhadra river system in India is discussed in the next section.
Model application
Tunga-Bhadra is a perrennial river formed by the confluence of rivers Tunga, and Bhadra, in southern India. The Tunga-Bhadra river has two tributaries, Kumadvathi and Haridra. A stretch of 206 km river stretch shown in Fig. 7 , is analyzed in this case study. Description of the river system is given in Table 1 . The river network is discretized into 10 reaches, where all the assumptions mentioned in Section 2.2 for the proposed water quality management model are valid. Eight dischargers are considered as the point sources of pollutants, which include five municipal effluent dischargers (in Fig. 7, D 1 ; D 3 ; D 5 ; D 6 ; and D 8 ) and three industrial effluent dischargers (in Fig. 7, D 2 ; D 4 ; and D 7 ) . The only pollutant considered in the system is BOD waste-load due to point sources, and the water quality indicator of interest is DO-deficit. Thirty checkpoints are considered as shown in Fig. 7 . The notations of different variables are simplified by retaining only the suffixes l (checkpoints) and m (dischargers). For example, c AE l denotes an interval of DO-deficit at checkpoint l, and x AE m denotes a range of fractional removal levels of BOD for the discharger m. Similarly, the goals of the PCA are denoted by E l , and the goals of the dischargers are denoted by F m . The details of effluent flow required for water quality simulation [Eq. (22) ] is given in Table 2 . The data for river flow and river parameters at different locations are collected from the Central Water Commission (CWC) and Karnataka State Water Resources Development Organization (KSWRDO), Bangalore, India. The details of effluent flow and effluent characteristics are collected from Karnataka State Pollution Control Board (KSPCB) at Bangalore, Davanagere, and Shimoga station of Karnataka, India.
The GFWLAM for water quality management of the river system is now presented as follows: 
The linear constraints (71) and (72) AE m , considering the method proposed by Fujiwara et al. [9, 10] , and Sasikumar and Mujumdar [34] , based on Streeter and Phelps equation [36] , to express the DO-deficit, c AE l as a function of the levels of fractional removal, x AE m . All the mathematical calculations have been done using MATLAB version 5.3.1 [31] to obtain the linear relationship c Table 3 shows the expressions of DO-deficit at the 30 checkpoints in terms of fractional removal levels of BOD waste load by different dischargers, which are situated upstream of the particular checkpoint. For example, the DO-deficit at the checkpoint 15 is expressed as follows using the data given in Table 3 :
Such linear relationships, along with linear membership functions, facilitate use of linear programming technique to solve the river water quality management problem. The resulting linear programming problem has been solved using the optimization software Hyper LINGO (Language for INteractive General Optimization), release 3.1 [19] , which can handle maximum 2000 constraints, 4000 variables in a linear programming problem. Details of the imprecise membership functions are given in Table 4 . The membership parameters in the expressions of goals of PCA and dischargers (c mn ) are interval grey numbers. In the case study one set of lower and upper bounds of membership parameters are initially fixed arbitrarily to obtain a set of optimal solutions. It gives a set of optimal fractional removal levels (as interval grey numbers) by the different dischargers, which maximizes the goal fulfillment level (k ± ). Other than this set of optimal solutions for a particular set of membership parameters, a Table 1 Description of the river system for model application Description of the set (1) Elements (2) Number of elements (3) Water quality checkpoints l 30 Dischargers m 8 Pollutants n 1 (BOD) Water quality indicators j 1 (DO-deficit) Table 2 Effluent flow data and x MAE mn ), which evaluates the performance of the model in different scenarios of interval grey inputs. The results obtained by applying GFWLAM to the Tunga-Bhadra river system are described in the following section.
Results and discussion
The results obtained from the model facilitate a comparison between the deterministic case, where the membership parameters are deterministic numbers, and the grey uncertain case, where the membership parameters are uncertain, and are represented as interval grey numbers. The results of the analysis are summarized in Tables 5 and 6 . The model gives a set of flexible policies (fractional removal levels, b X AE , of different pollutants for different dischargers) in the form of interval grey numbers for optimal values of k ± , which is also an interval grey number. More than one optimal policies are obtained, as the values of all decision variables may be adjusted within their grey intervals by the decisionmaker in the final decision scheme according to necessity and practical feasibility. Table 5 shows the optimal fractional removal levels of the pollutants by different dischargers for both deterministic case and grey uncertain case. For a particular set of membership parameters ðc X AE andk AE is derived for both Case 1 and Case 2.k AE may be considered as a measure of conflict existing in the system. A value of 0 fork AE (implies k À = 0 and k + = 0) indicates a strong conflict scenario, whereas the value of 1 (implies Table 3 Expressions for c l in terms of x m Reach nos. (1) Checkpoints ( k À = 1 and k + = 1) corresponds to a no-conflict scenario [29] . To evaluate the quality of input or output uncertain information, a measure of ''Grey degree'' is used [Eq. (2) in Section 2.1]. The expression for grey degree of interval grey number (x ± ) is Gd(x ± ) = (x x /x m ) · 100%, where
, and
As the grey degree of optimal value of objective function decreases, the effectiveness of the grey model increases with decreasing system uncertainties [because width (x x ) of the interval grey number decreases]. Therefore, a lower value of grey degree of objective function implies the achievement of a more applicable and reliable grey solutions [13] . For example, in Case 1 of Table 5 (row type-I), first a deterministic case is presented, for which average value of grey degree of input parameters [membership parameters for imprecise membership functions of different grey fuzzy goals (the bracketed values given in Table 4 )] is zero. The grey degree of 12.15 resulting for x 6 (which should theoretically be zero), is due to the interactive constraints. The reason for these uncertain outputs for deterministic inputs, is incorporation of interactive constraints between the two submodels [constraints (50) and (65)]. The interactive constraint states that, the upper bounds of decision variables should be greater than the lower bounds (i.e., x þ jmn P x À jmn ), which does not make the decision variables deterministic (i.e., x þ jmn ¼ x À jmn ) and shows a little grey uncertainty, indicated by the non-zero value of grey degree ofk AE and b X AE . Next, a grey uncertain case is presented in Table 5 (row type-IIa and IIb), for which the average value of grey degree of input parameters [membership parameters for imprecise membership functions of different grey fuzzy goals given in Table 4 (unbracketed values mentioned in columns 3-10)] is 62.92%. Both the cases (Case 1 and Case 2) of GFW-LAM formulation are considered in grey uncertain case of Table 5 ) are not considerably high. It implies less flexibility of the dischargers 2 and 7 in fixing the final decision scheme for fractional removal levels from their optimal values, which are in terms of interval grey numbers. The other grey elements of grey vector b X AE have zero width in this particular situation (for the particular values of membership parameters, given in Table 4 ), implies no flexibility of the dischargers other than 2 and 7 in fixing the final decision scheme for fractional removal levels. The flexibility in decision-making of the dischargers for fixing the fractional removal levels may be increased by increasing the width of input membership parameters. Table 6 gives the list of DO-deficit values for all 30 checkpoints after applying the fractional removal levels of BOD listed in Case 1 of grey uncertain case (row type-IIa of Table 5 ). The relationships given in Eqs. (23) and ( Table 6 are within the interval of grey standard values of DO-deficit fixed by the PCA given in Table 4 . The results given in Table 5 are obtained for a particular set of values of membership parameters mentioned in Table 4 . The variation of the width of grey output variables with grey input variables is shown in Table 7 . Scenario 1 describes the deterministic case. Ten scenarios including the deterministic case, are considered with increasing values of width of interval for grey input parameters. The grey degree of input parameters are increased from Scenario 1 to Scenario 10. It is observed that, as the grey degree of input parameters increases, the grey degree ofk AE also increases, because increase in the uncertainty of input parameters increases the uncertainty in the output values ðk AE Þ. In Scenarios 9 and 10, where the average grey degrees of input parameters are too high (76.13% and 89.91%, respectively), the problem becomes infeasible. In Scenarios 7 and 8, it is found that the grey degree of output variablek AE in Case 1 (93.66% and 124.84%, respectively) is greater than as in Case 2 (79.82% and 110.87%, respectively). Therefore, it may be concluded that in these two scenarios the Case 2 is giving less uncertain, more applicable and reliable solutions than Case 1.
Hence two different problems for different cases are solved in this model, and two sets of solutions in terms of interval grey numbers are derived. The solutions with less grey degree are selected as applicable solutions among the different problems for different cases. The set of intervals of optimal fractional removal levels of BOD ð b X AE Þ (column 5 of row type-IIa in Table 5 ) is used by the decision-makers in arriving at a best compromised realistic decision acceptable to both PCA and dischargers.
Conclusions
Grey Fuzzy Waste Load Allocation Model (GFW-LAM) extends the model developed by Sasikumar and Mujumdar [34] to address uncertainty in the membership functions. In Fuzzy Waste Load Allocation Model (FWLAM) the imprecision associated with management goals are quantified using appropriate membership functions. The membership functions for various management goals are subjective, and lower and upper bounds of membership functions are arbitrarily fixed. The uncertainty in the values of membership parameters, are quantified and directly communicated into the water quality management model by treating them as interval grey numbers. The goals of PCA and dischargers are considered as grey fuzzy goals with imprecise membership functions. GFWLAM gives a new formulation for grey fuzzy mathematical programming problems with linear or non-linear type non-increasing imprecise membership functions, which has less computational requirements. The optimal solution is not a particular white or deterministic value but is an interval grey number. Thus bringing a flexibility in decisionmaking and indicates that the decision-makers' preferences have important influence on finally applied compromised realistic decision. The cooperation between PCA and dischargers, and dischargers among themselves can be made more realistic and scientific using GFWLAM as a flexible decision-making tool for water quality management of a river system. A limitation of the model presented in this paper, however, is that in situations where multiple solutions exist, the model solutions may not present the optimal intervals of pollutant removal levels covering possibilities of all the alternative optimal solutions. The formulation of GFWLAM is based on the approach for solving fuzzy multiple objective optimization problem proposed by Zimmermann [41] using max-min as the operator, which usually may not result in a unique solution [8, 21, 23] . Determination of the optimal subspace in any fuzzy multiple objective optimization problem, which will cover the possibilities of all the alternative optimal solutions is itself a potential research area [21] [22] [23] . Therefore, the model will be more useful with more realistic solutions if the optimal subspace covering possibilities of all the alternative optimal solutions is determined in future research, which will obviously widen the widths of interval-valued pollutant removal levels [i.e., ðx þ m À x À m Þ] for different dischargers ensuring the present optimal value of goal fulfillment ðk AE Þ. GFWLAM does not limit in application to any particular pollutant or water quality indicator in the river system. Given appropriate transfer function for spatial and temporal distribution of the pollutants in water body, GFWLAM can be used for water quality management of any general water system. In a general sense, GFWLAM is adaptable to various environmental systems where a sustainable and efficient use of environment is of interest.
